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This paper proposes an effective method for directly determining the ﬁnal equilibrium
shapes of closed inextensible membranes subjected to internal pressures. With reference
to new high-performance textile materials, we assume that the mechanical response of a
fabric membrane can be accurately represented by regarding it as a two-state material.
In the active state, the membrane is subject to tensile stresses and is virtually inextensible;
vice versa, in the passive state it is unable to sustain any compressive stress, so it contracts
freely. Equilibrium of the membrane in the ﬁnal conﬁguration is enforced by recourse to
the minimum total potential energy principle. The Lagrange multipliers method is used
to solve the minimum problem by accounting for the aforesaid nonlinear constitutive
law. The set of governing equations is solved for the unknown coordinates of the equilib-
rium surface points. Closed form solutions are obtained for fully wrinkled cylindrical and
axisymmetric membranes under homogeneous boundary conditions, while a simple itera-
tive procedure is used to numerically solve cases of axisymmetric membranes under var-
ious inhomogeneous boundary conditions. The soundness of the proposed method is
veriﬁed by comparing the results with solutions available in the literature.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In addition to their traditional use in rooﬁng structures for inexpensive coverage of large underlying areas, light, resistant
and aesthetically attractive structural membranes have acquired a prominent position in many important ﬁelds of contem-
porary architecture and civil and industrial engineering. Here, we focus our attention on two application ﬁelds that are pres-
ently undergoing rapid growth: deployable structures, in which such membranes often constitute the most important
component, and, inﬂatable membranes, a class of fully removable structures in which the membrane itself represents the only
structural component.
Present-day structural membranes are very thin textile foils, made of two or more arrays of nearly inextensible polyester
or glass ﬁlaments, which are embedded within one or more protective layers of a softer material, usually PVC or PTFE (more
details can be found, for instance, in Foster and Mollaert, 2004). Such arrangements render these membranes extremely ﬂex-
ible, so that, from a purely structural point of view, their mechanical response may appear quite extraordinary. In fact, while
on the one hand they are practically incapable of sustaining any appreciable compressive stress, on the other, only barely
perceptible stretching occurs when they are subjected to tensile stresses. Because of this peculiar behaviour, studying their
equilibrium states still remains a highly challenging task due to the complexity and interdependence of the geometrically
nonlinear equilibrium problems involved.
By restricting the following considerations to the subject of inﬂatable membranes, the major source of nonlinearity
undoubtedly lies in the large distances that usually separate the initial deﬂated conﬁguration – in which the membrane. All rights reserved.
x: +39 050 554597.
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into account large displacements/rotations. A second non-negligible source of nonlinearity is the direct consequence of the
vanishing values of the membrane thickness. Although at ﬁrst sight such characteristic should simplify assessment of the
stress distribution, since a simpler membrane stress state prevails almost everywhere, in real membranes this is not the case.
In fact, at equilibrium, the surface of an inﬂated membrane is made up of an unpredictable arrangement of taut and wrinkled
zones, whose location is unknown a priori. In this regard, two aspects need to be emphasized. Stein and Hedgepeth (1961)
shown that the locations of the wrinkled zones are quite different from those of the regions where the principal stresses have
opposite signs, according to the predictions of standard membrane theory. Moreover, the macroscopic mechanical properties
of the membrane within a wrinkled zone vary widely with the number, orientation and amplitude of the wrinkles, as ﬁrst
noticed by Reissner (1938), who coined the expression ‘‘material anisotropy induced by wrinkling”. Therefore, any accurate
analytical or numerical determination of the global response of the membrane cannot disregard the effects of such forms
of local instability.
If we suppose that the membrane’s wall still possesses some small, but non-negligible, bending stiffness, some solution
can be numerically obtained by means of laborious incremental-iterative procedures based on thin shell theory. However,
for decreasing thicknesses or, equivalently, increasing tensile stress levels, both the formation and evolution of wrinkling
patterns on the equilibrium surface cannot be easily reproduced even by means of more reﬁned numerical techniques, since
the wavelength of the wrinkles quickly becomes smaller than the element size. On the other hand, due to the emergence of
membrane locking phenomenon, further reﬁnements of the mesh within a wrinkled region cannot improve the accuracy of
results (Tessler et al., 2005).
In this paper, we present a modiﬁed membrane theory, in which the aforesaid local geometrical nonlinearities (buckling
and wrinkling) are considered by means of equivalent physical nonlinearities. In particular, we assume that the membrane
material is inextensible under tension but, at the same time, completely unable to resist compressive stresses. These simpli-
fying hypotheses have many relevant consequences. Because of the assumption of vanishing thickness, the bending term of
the strain energy is zero. Similarly, due to the orthogonality between the principal stresses and ﬁctive principal stretches
inherent in the assumed material constitutive law, the membrane term also vanishes. Hence, the membrane reaches its ﬁnal
inﬂated conﬁguration following a purely kinematic branch, which constitutes the fundamental branch of its equilibrium path,
within which large displacements/rotations occur without any internal force. This process stops at the intersection point
with a secondary static branch, where an equilibrated tension-only stress state suddenly takes place within the membrane.
Hereafter, increasing values of the pressure produce proportional increments in the magnitude of the stresses without any
further change in the conﬁguration.
To determine the unknown ﬁnal shape, equilibrium of the membrane is enforced via the stationary (minimum) total po-
tential energy principle (Section 2). An expressly developed application of the Lagrange multipliers method enables taking
into account the aforesaid two-state constitutive law (Section 3). Closed form solutions are obtained for both cylindrical
(Section 4) and axisymmetric (Section 5) membranes with homogeneous boundary conditions, while a more general itera-
tive procedure is used to numerically solve some more complex cases of inhomogeneous boundary conditions. Homoge-
neous solutions refer to situations in which the membrane may inﬂate freely, while inhomogeneous solutions consider
practical situations when a large variety of constraints are imposed on the equilibrium surface. When considering the homo-
geneous case of axisymmetric membranes, the ‘‘pseudo-deformed surfaces” ﬁrst introduced by Wu (1974b), using different
means, are naturally recovered.2. Formulation of the problem
2.1. The mechanical model
Herein, the membrane in question is modeled as an ideal, perfectly ﬂexible, two-dimensional body made of an inexten-
sible material. In the initial conﬁguration C0, assumed as reference, the membrane is unloaded and stress-free, and coincides
with the boundary C0 of the closed region X0 2 R3 (Fig. 1). When a uniform pressure p acts internally, the membrane reaches
the deformed conﬁguration C, coinciding with the unknown boundary C of the closed region X 2 R3.
Over the years, a number of equilibrium problems regarding partly or fully wrinkled elastic membranes have been solved
either by means of a kinematical approach (Wu, 1974a; Liu et al., 2001; Roddeman et al., 1987a,b; Barsotti et al., 2001) or,
more frequently, following a physical approach (Reissner, 1938; Stein and Hedgepeth, 1961; Pipkin, 1986; Steigmann, 1990;
Haseganu and Steigmann, 1994). The models following the latter approach regard wrinkles as local weakenings of the mate-
rial introduced by suitably adjusting the constitutive law: the material, actually homogeneous and isotropic, is instead gen-
erally considered to be inhomogeneous and anisotropic. Here, in conformity with the aforementioned studies, we extend the
physical approach to the limit case of an inextensible material.
In order to account for any possible form of local instability present in the ﬁnal equilibrium shapes, in place of the real
material, we substitute a new, two-state ﬁctive one. When this material is in the active state, any surface elongation is inhib-
ited, and a state of tensile stress arises. Contrariwise, when the ﬁctive material is in the passive state, any contraction may
freely take place, unaccompanied by compressive stresses (Barsotti and Ligarò, 2005). This is probably the simplest way to
effectively represent the mechanical behaviour of modern fabric membranes.
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Following the above approach, only pure tensile stress states may take place throughout the membrane (Mansﬁeld, 1968,
1970). In order to determine the unknown equilibrium shapes, we ﬁrst analyze the conditions under which a stable tension-
only equilibrium state may exist.
To study this problem, we adopt a total Lagrangian formulation. We use two different coordinate systems: the ﬁrst
ðO; x; y; zÞ is the rectangular system of three-dimensional Euclidean space used to identify both the initial and ﬁnal
membrane conﬁgurations, while the second is a system of curvilinear coordinates ðo; s1; s2Þ deﬁned on the membrane
surface. The pair ðs1; s2Þ belonging to some closed domain S of the auxiliary s1; s2-plane, has a corresponding material
point P, whose position is x0 ¼ ½x0; y0; z0T ¼ x^0ðs1; s2Þ in the initial conﬁguration, and x ¼ ½x; y; zT ¼ x^ðs1; s2Þ in the ﬁnal
one.
At equilibrium, the total potential energy of the system,P, which is the sum of the stored internal strain energyW and the
work V performed by the pressure p, is made stationary in the current conﬁguration C. In particular, the equilibrium state at C
will be stable if P is a minimum; therefore, eventual solutions satisfy the conditionminCP ¼minCðW þ VÞ ¼minC
Z
S
WðFÞ  1=3pðx  n J  x0  n0 J0Þ½ ds1 ds2; ð1Þwhere the minimum must be sought within a suitable space of admissible conﬁgurations.
In (1), F ¼ ox=ox0 is the deformation gradient, W is the strain energy density function; n0 and n are unit outward vectors
normal to the surfaces C0 and C, while J0 ¼ bJ0ðs1; s2Þ and J ¼ bJðs1; s2Þ are the Jacobians of the transformations x0 ¼ x^0ðs1; s2Þ
and x ¼ x^ðs1; s2Þ, respectively.
Since the membrane is made of a ﬁctive two-state material, no compressive stresses nor elongations may arise, so the
strain energy density W is always zero. As a consequence, the total potential energy of the system reduces to the second term
in (1), and the minimum problem becomes a maximum problem for the work V performed by the internal pressure, accord-
ing to the Bateman’s principle of the ﬂuid dynamics of ideal non-viscous ﬂuids (Bateman, 1929). Ultimately, if p ¼ const: as
well, only the difference between the volumes of regions X and X0 needs to be maximized. Therefore, we will consider the
maximum problemminCP ¼maxC p
Z
S
1
3
ðx  n J  x0  n0 J0Þds1 ds2
 
: ð2ÞThe stated potential is valid only for a controlled pressure, i.e. a pressure intensity that is independent of the
membrane conﬁgurations (Buﬂer, 1984). This is realistic if the pressure is supplied by a large reservoir. However,
the above restriction may be relaxed to include cases of volume-dependent pressures, which are also conservative
(Fisher, 1988).
2.3. The space of admissible conﬁgurations
To deﬁne the space of admissible conﬁgurations, a comparison is made between the ﬁrst metric tensor of the initial
and ﬁnal conﬁgurations. By choosing the coordinates s1 and s2 as the arc-lengths of two families of orthogonal curves
lying on the initial conﬁguration of the membrane, the principal values of the ﬁrst fundamental form of this surface,
S.S. Ligarò, R. Barsotti / International Journal of Solids and Structures 45 (2008) 5584–5598 5587A0 ¼ dx0  dx0, are K21 ¼ 1 and K22 ¼ 1. For a material that is inextensible under both tension and compression, the afore-
said constraint would have to be expressed by k21 ¼ 1 and k22 ¼ 1, where k21 and k22 are the principal values of the ﬁrst
fundamental form of the ﬁnal membrane conﬁguration, a ¼ dx  dx, measured along the principal directions deﬁned
by the unit vectors v1 and v2. However, for the ﬁctive two-state material considered here, the same constraint leads
to the following inequalities:0 6 k21 6 1 and 0 6 k
2
2 6 1; ð3a;bÞwhich must hold at every point of the deformed surface. Moreover, since K21 ¼ 1 and K22 ¼ 1, k1 and k2 take on the meaning of
ﬁctive principal stretches.
As explained in the following, inequalities (3a,b), together with eventual kinematical constraints imposed on some points
of the equilibrium surface, completely deﬁne the space of admissible conﬁgurations.
3. The solution method
3.1. The stationary conditions
The constraints (3a,b) can be incorporated within the maximum problem (2) via the Lagrange multipliers method. To this
aim, we search for the stationary values of the Lagrangian functionalFðT; k; cÞ ¼
Z
S
1=3ðx  n J  x0  n0 J0Þ þ T1ðk1 þ c21  1Þ þ T2ðk2 þ c22  1Þ
 
ds1 ds2; ð4Þwhere T is the vector which collects the Lagrange multipliers T1 and T2, k is the vector of the principal stretches k1 and k2, and
c is the vector whose components are the slack variables c21 and c22. These latter quantities are the ﬁctivewrinkle stretches and
represent the most relevant variables for the problem at hand. Literature reports generally make reference to the inﬁnites-
imal wrinkle strain tensor, ew, ﬁrst introduced by Wu (1974a).
The Kuhn–Tucker conditions (Luenberger, 1984) for the functional (4) are:
 three equilibrium equations, written concisely as
o
os1
T1tI
k1
cosa T2tII
k2
sina
 
þ o
os2
T1tI
k1
sinaþ T2tII
k2
cosa
 
þ pðt1  t2Þ ¼ 0; ð5Þfor the three unknown components of the displacement vector u ¼ x x0 ¼ ½u; v;wT, or, alternatively, for the unknown com-
ponents of the position vector x ¼ ½x; y; zT of the points of the equilibrium surface;
 two compatibility equationsk1 þ c21  1 ¼ 0; k2 þ c22  1 ¼ 0; ð6a;bÞ
for the two unknown reactions T1 and T2 and, lastly,
 two constitutive laws, formulated as slack conditions,c1T1 ¼ 0; c2T2 ¼ 0; ð7a;bÞ
for the two ﬁctive wrinkle stretches c21 and c22.
In the above expressions, t1 ¼ ox=os1 and t2 ¼ ox=os2 are the tangent vectors to the coordinate lines s1 and s2 traced on the
ﬁnal equilibrium surface, while tI ¼ t1 cosaþ t2 sina and tII ¼ t2 cosa t1 sina are the tangent vectors to the lines of prin-
cipal stretch traced on the same surface. Lastly, a is the angle of the auxiliary s1; s2-plane that the direction of the principal
stretch k1 forms with the s1-axis (Fig. 2). All these conditions must hold at each internal point P ¼ ðs1; s2Þ 2 S.
Let oS ¼ oSu þ oSp be the boundary of S. On the part oSu, the position vector x is assigned; thus
x ¼ x ð8Þwhile, on the remaining part oSp, after integration of (5), we haveT1tI
k1
cosa T2tII
k2
sina
 
m1 þ T1tIk1 sinaþ
T2tII
k2
cosa
 
m2  p3 ½ðt2  xÞm1 þ ðx t1Þm2 ¼ 0; ð9Þwhere m ¼ ðm1; m2Þ is the unit outward vector normal to oS. By comparing (5) with the standard equilibrium equations of an
inﬂated membrane (Novozhilov, 1959 or Lukasiewicz, 1979), we observe that the Lagrange multipliers T1 and T2 are mem-
brane forces per unit length measured in the auxiliary s1; s2-plane. These quantities are the most convenient measures of the
severity of the stress state within the membrane.
Before concluding this section, it is worth noting that the set of the Kuhn–Tucker conditions are completely independent
of the initial conﬁguration C0; therefore, apart from a possible rigid body displacement, the equilibrium surface can be deter-
mined by starting with a generic initial conﬁguration.
Fig. 2. Fictive stretches in the auxiliary s1,s2-plane.
5588 S.S. Ligarò, R. Barsotti / International Journal of Solids and Structures 45 (2008) 5584–55983.2. Local equilibrium states of the membrane
If we fully take into account the independence of the two constraints (3a,b), four different situations – with each con-
straint in its active or inactive state – need to be considered. However, if we restrict the analysis to initially isotropic mate-
rials, only the number of active constraints becomes signiﬁcant. Therefore, only three cases need to be analyzed. Starting
with slack conditions (7a,b), we distinguish the following three local equilibrium states at each point of the equilibrium sur-
face (see Fig. 3).
 If c21 ¼ 0 and c22 ¼ 0 at x, the membrane here is in the taut or active state. Thus, no wrinkling occurs and Eqs. (6a,b) yield
k1 ¼ 1 and k2 ¼ 1. The angle a is undetermined, so all directions are principal ones for the stretch. Moreover, since we set
K21 ¼ 1 and K22 ¼ 1, the ﬁrst fundamental form of the equilibrium surface coincides with that of the initial surface, and
hence the mapping of the S region to the C surface is isometric, and the equilibrium surface has a pointwise vanishing
Gaussian curvature (Kreyszig, 1991).
 Conversely, if c21 > 0 and c22 > 0 at x, then the membrane here is in the slack or inactive state, and consequently, k1 < 1 and
k2 < 1. Eqs. (7a,b) yield T1 ¼ 0 and T2 ¼ 0.
 Lastly, if c21 ¼ 0 and c22 > 0 at x, the membrane here is in the wrinkled or semi-active state, so that k1 ¼ 1 and T2 ¼ 0 (wrin-
kled state I). Alternatively, we may consider c21 > 0 and c22 ¼ 0, so that k2 ¼ 1 and T1 ¼ 0 (wrinkled state II).
The equilibrium surface is composed of regions whose points generally exhibit a common local equilibrium state. We are
thus led to consider taut, slack or, lastly, wrinkled zones, which enables adding the following considerations.
 Within a taut region, since angle a is undetermined, the solution in terms of reactions T1 and T2 is not unique, and the
distribution of the internal membrane forces is therefore likely to remain undetermined. However, such indeterminacy
does not affect the displacement ﬁeld, provided that proper boundary conditions are assigned.Taut state 
Wrinkled state I 
λ2
λ1
1O
1
Wrinkled state II 
Slack state 
Fig. 3. Taut, wrinkled and slack equilibrium states in the k1; k2 plane.
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reduce too
os1
ðT1tI cosaÞ þ oos2 ðT1tI sinaÞ þ pðt1  t2Þ ¼ 0: ð10ÞIn particular, if we consider the equilibrium in the tII direction, we obtaino2x
os2I
 tII ¼ 0; ð11Þwhere sI and sII are the pair of orthogonal directions of the auxiliary s1; s2-plane rotated by a with respect to the axes. Thus,
according to Zak (1982), wrinkles form a family of geodesic lines on the equilibrium surface. Furthermore, by considering the
equilibrium along direction v1 of k1, we obtainoT1
osI
þ T1 oaosII ¼ 0; ð12Þwhence if a ¼ const., then T1 ¼ const. along the corresponding v1-curve.
 Eventual slack regions may appear if and only if p ¼ 0; the mechanical meaning of this ﬁnding is that if the membrane is
inﬂated, no slackening may emerge at equilibrium, even if its initial conﬁguration was fully wrinkled or slack.
Solution of the governing system of equations (5)–(9) is very difﬁcult to achieve analytically if the initial conﬁguration of
the membrane has a complex geometry, or the boundary conditions are of the general kind. However, there are some well-
known cases where the above system takes on a particularly simple form. This is typical of cylindrical and axisymmetric
membranes, for which, by reasons of symmetry, the t1 and t2 directions are known a priori, and coincide with that of the
principal stretches tI and tII , since a ¼ 0. Thus, to verify the soundness of the governing system of equations (5)–(9), in
the following sections we will solve cases of cylindrical and axisymmetric membranes for which some close form solutions
either already exist in the literature or are easily deducible.
4. Cylindrical membranes
Let us consider a cylindrical membrane built by rolling up an initially ﬂat inﬁnite strip of constant width L. When a pres-
sure p acts internally, the membrane moves from its initial conﬁguration C0 to the inﬂated one C (Fig. 4).
The problem can be analyzed in the ðO; x; zÞ plane. Now, the only meaningful curvilinear abscissa is s1  s and the Kuhn–
Tucker conditions (5)–(9) becomed
ds
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Fig. 4. A cylindrical membrane.
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c1T1 ¼ 0; c2T2 ¼ 0; ð13e; fÞ
which are to be solved with suitable boundary conditions.
Starting with Eq. (13e), we see that if c1 6¼ 0, then T1 ¼ 0, and the equilibrium equations (13a,b) will be satisﬁed only in
the meaningless case where p ¼ 0; vice versa, if c1 ¼ 0 (i.e. in the absence of wrinkling on the directrix of the cylinder), then
k1 ¼ 1 and the equilibrium along this directrix gives T1 ¼ const. By integrating system (13a,b), we obtainxðsÞ ¼ A cosðs=RÞ þ B sinðs=RÞ þ C; zðsÞ ¼ A sinðs=RÞ  B cosðs=RÞ þ D; ð14a;bÞ
where R ¼ T1=p and A, B, C and D are constants whose values are determined once suitable boundary conditions have been
assigned. Since k21 ¼ x02 þ z02 ¼ 1, we have A2 þ B2 ¼ R2, and hence the ﬁnal conﬁgurations of the directrix are arcs of a circle,
as expected. The center of each circle is the point of coordinates (C, D), and R is the radius. The magnitude of traction T2,
acting along each generatrix remains undetermined.
4.1. Homogeneous solutions
If the membrane is freely inﬂatable, the set of governing equations is completed by the homogeneous boundary
conditionsxð0Þ ¼ xðLÞ; zð0Þ ¼ zðLÞ; dx
ds

0
¼ dx
ds

L
;
dz
ds

0
¼ dz
ds

L
: ð15ÞThe system of linear equations admits non-trivial solutions if and only if its determinant vanishes, which occurs whencosðL=RÞ ¼ 1; ð16Þ
that is, R ¼ L=2pk, where the integer k ¼ 1;2;3; . . ., indicates howmany times the membrane is rolled up on itself before
inﬂation, the total width L being equal. The ﬁnal shapes corresponding to the values k ¼ 1;2;3 are depicted in Fig. 5. Opposite
values of k denote cases of clockwise or counterclockwise winding, respectively.
4.2. Inhomogeneous solutions
When one or more constraints are imposed on displacements of the equilibrium surface, the set of governing equations
becomes inhomogeneous. Here, we consider the interesting case when the points initially placed along the sides s ¼ 0 and
s ¼ L are forced to assume the positions (0,0) and ðnL;0Þ, respectively, where 0 6 n 6 1 is an assigned value.
By using the boundary conditions:xð0Þ ¼ 0; zð0Þ ¼ 0; xðLÞ ¼ nL; zðLÞ ¼ 0; ð17Þ
we obtainA ¼ nL=2; B ¼ nL
2
sing
1 cosg
 
; C ¼ nL=2; D ¼ nL
2
sing
1 cosg
 
; ð18Þwhere g ¼ L=R. Therefore, the directrix is the arc of a circle with center ðnL=2; nL sing=2ð1 cosgÞÞ and radius R ¼ L=g. The
inextensibility constraint (13c) gives the equation n2g2  2ð1 cosgÞ ¼ 0 for g, whose plot is depicted in Fig. 6.R=L/6 πR=L/4 π
R=L/2 π
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Fig. 5. Cylindrical membrane: homogeneous solutions.
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for n < 1, that is, when the strip is shortened. Since R ¼ L=g, when R > 0, the inﬂated membrane belongs to the semi-space
z < 0; conversely, if R < 0, the membrane belongs to the semi-space z > 0. By using the above solution, we can obtain the
equilibrium shape of a closed membrane made up of two strips of the same width L which are joined along their edges
and whose common end-sides, initially placed at s ¼ 0 and s ¼ L, are forced to assume the new positions ð0;0Þ and ðnL; 0Þ,
with n < 1. A typical inhomogeneous solution is represented in Fig. 7 for n ¼ 1=4. In this case, we obtain g ¼ L=R ﬃ 5
and R ﬃ 0:20L.
Varying the shortening ratio n changes both the enclosed volume V and the magnitude H of the horizontal load needed to
maintain the inﬂated membrane in the assigned conﬁguration. For n ¼ 2=p 
 0:637, the directrix of the inﬂated membrane isx
z
y
O Lξ L
Final inflated
configuration
Initial deflated 
configuration
Fig. 7. A typical inhomogeneous solution ðn ¼ 1=4Þ.
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Fig. 8. (a) volume ratio v vs. shortening n; (b) magnitude of the dimensionless horizontal reaction h vs. n.
5592 S.S. Ligarò, R. Barsotti / International Journal of Solids and Structures 45 (2008) 5584–5598a circle. Here, the volume reaches a maximum, while the horizontal load is zero. When n < 2=p, the volume increases almost
proportionally with n, and H is directed inward. In the limit case of n ¼ 0, the directrix is 8-shaped, the volume is half the
maximum and h ¼ H=pL ¼ 1=p 
 0:3183. When n > 2=p, the volume decreases quickly, while H is directed outward and goes
to inﬁnity. The variation laws for v ¼ V=V0 and h ¼ H=pL vs. the shortening ratio n are depicted in the following Fig. 8.
It can be seen that for n < 0:4, the compressive force H remains almost constant. Such a ﬁnding may lead to some useful
practical applications in the use of membranes as a force limiting device. This simple expedient was conceived by Yajima
et al. (2004) to automatically control the volume of aerostatic balloons and consequently their altitude.
In the above diagrams, the circled points refer to the homogeneous solution. Once this has been determined, it can be
used as the initial conﬁguration to derive inhomogeneous solutions.
5. Axisymmetric membranes
In addressing axisymmetric membranes, we refer to a pair of initially ﬂat circular disks with radius R0, joined along their
boundaries. We assume that both disks are placed on the ðO; x; yÞ plane, with their centers at the origin O. Due to axial sym-
metry, we use a standard polar coordinate system where the radial coordinate R and the polar angle h coincide with the cur-
vilinear coordinates s1 and s2. In what follows we search for equilibrium surfaces which are symmetric with respect to the
ðO; x; yÞ plane and which are surfaces of revolution about the z-axis. Therefore, just one of the two disks, say the upper one,
needs to be considered. Since all quantities are independent of h, the problem is once again one-dimensional. The radial coor-
dinate of the ﬁnal conﬁguration will be denoted by r.
The kinematic compatibility equations (6a,b) now becomedr
dR
 2
þ dz
dR
 2
þ c2R ¼ 1; r2  R2 þ c2h ¼ 0: ð19a;bÞFrom (19), it can be seen that, if ch ¼ 0, then the membrane remains ﬂat and the equilibrium is possible only in the case of
p ¼ 0. We will therefore consider only the meaningful case of circumferential wrinkles, when ch 6¼ 0. Then, from Eqs. (7a,b),
we have Th ¼ 0, while the remaining Kuhn–Tucker conditions yieldo
oR
TRtR
kR
 
þ pðtR  thÞ ¼ 0; ð20Þ
TRcR ¼ 0; ð21Þ
which hold in 0 < R < R0. At R ¼ 0 and R ¼ R0 the following conditions need to be satisﬁed:TRtR
kR
 p
3
ðth  xÞ ¼ 0; or; alternatively; x ¼ x: ð22a;bÞIn the foregoing equations, x ¼ ðr; z; hÞ is the position vector of the points of the membrane in the ﬁnal conﬁguration, x are
assigned positions of the boundary points, while tR ¼ ox=oR and th ¼ ox=oh are the radial and circumferential tangent vectors,
respectively. From (21), it follows that either TR ¼ 0 or cR ¼ 0 must hold. Thus, the only meaningful case requires that cR ¼ 0
and kR ¼ 1.
5.1. Homogeneous solutions
If the membrane is freely inﬂatable, the set of equilibrium equations is completed by the two homogeneous geometrical
boundary conditionsrð0Þ ¼ 0; zðR0Þ ¼ 0: ð23Þ
Moreover, from (22a), the two conditionsdz
dR

0
¼ 0; dr
dR

R0
¼ 0; ð24Þneed to be added.
The equilibrium equations (20), together with these four boundary conditions, constitute a nonlinear homogeneous sys-
tem of differential equations, which can be written asTR
d2r
dR2
 pr dz
dR
¼ 0; TR d
2z
dR2
þ pr dr
dR
¼ 0: ð25ÞThis nonlinear eigenvalues problem can be numerically solved via a simple iterative procedure based on a central ﬁnite
differences scheme. At each cycle, we determine the eigenvalues TR and the eigenvectors ðr; zÞ of a linearized version of the
system that incorporates the inextensibility constraint (19a). The following results refer to the maximum eigenvalue. Fig. 9
shows an axonometric view of the equilibrium shape of the membrane.
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ration. The sequence of meridian curves at the end of each cycle is shown in Fig. 10.
The meridian proﬁle thus obtained closely matches the semi-analytical solution reached by Wu (1974b). The expression
for this proﬁlezðrÞ ¼ 
Z r0
r
n2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r40  n4
q dn; ð26Þ
where r0 denotes the radius at the equator, is known in the literature as the ‘‘Taylor curve” (Taylor, 1963; Pagitz et al., 2006)
and is the solution to the simple differential equationr
d2z
dr2
¼ 2dz
dr
1þ dz
dr
 2 !
: ð27ÞRecently, Paulsen (1994) presented a modern rendering of the same topic by using variational arguments.
Fig. 11(a) shows the law of variation of the resulting tensile force, t ¼ T=pR0, along the meridian, while the effect of wrin-
kling on the membrane surface is highlighted in Fig. 11(b). This latter shows the law of variation of the circumferential wrin-
kle strain expressed through the measure of deformation ew ¼ ðr  RÞ=R. It is evident that the state of local equilibrium
throughout the meridian is of the semi-active kind (wrinkled), with the exception of two isolated points, its poles, which
are in a taut stress state.
5.2. Inhomogeneous solutions
Let us begin by considering the same two overlapping circular disks as above. Unlike the preceding case, we now analyze
two different situations regarding the constraints that, alternatively, may be imposed on the equatorial circle of the equilib-
rium shape or on its poles. Such matters arise in many practical applications of high-pressure balloons, especially those
launched in the atmosphere for scientiﬁc observation, for which accurate monitoring and adjustment of their volume is re-
quired in order to maintain a pre-established altitude.
5.2.1. Axisymmetric membrane constrained along the equatorial circle
Let us ﬁrst consider the case of a rope placed around the equatorial circle. Via remote control, it can be shortened in such a
way as to constrain the points initially lying along the equatorial circumference of radius R0 onto a smaller circumference of
radius R, with R < R0. Accordingly, the boundary conditions for this problem becomeFig. 9. Axonometric view of the equilibrium surface.
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Fig. 10. Proﬁle of one quarter of the meridian at each cycle.
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Fig. 11. (a) Tensile force along the meridian; (b) circumferential wrinkle strain.
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dR

0
¼ 0; rðR0Þ ¼ R; zðR0Þ ¼ 0: ð28ÞThese give rise to an inhomogeneous nonlinear system of differential equations whose solutions are numerically deter-
mined by means of the same iterative procedure as used in the foregoing. A typical solution is shown in Fig. 12, which illus-
trates an axonometric view of the constrained membrane for the ratio n ¼ R=R0 ¼ 0:3.
The laws of variation of the resultant membrane force and the circumferential wrinkle strain measured along the merid-
ian are similar to those obtained in the homogeneous case. A comparison between the equilibrium shapes of the meridians
corresponding to the two cases is provided in Fig. 13, where H ¼ NE=R is the horizontal load per unit length exerted on the
membrane by the rope acted on by traction NE.
Some example meridian curves deduced numerically for various other values of the ratio n ¼ R=R0 are shown in the fol-
lowing Fig. 14.
Once again, these curves closely match with the meridian curves deduced byWu (1974b). Although at ﬁrst sight they may
appear quite different from each other, in effect, each is an arc of the same curve (cf. Fig. 10), but plotted on a different scale.
Varying the shortening ratio n ¼ R=R0 changes both the enclosed volume V and the magnitude H of the horizontal load
needed to maintain the inﬂated membrane in the assigned conﬁguration. For n 
 0:7627, the meridian of the inﬂated mem-
brane coincides with that of the homogeneous case: the volume reaches a maximum and the horizontal load H is zero. By
introducing the dimensionless volume v ¼ V=R30 and axial force in the rope n ¼ NE=pR20, it can be seen that when n < 0:7627,
the volume increases almost proportionally with n and NE > 0 (H is inward). Conversely, when n > 0:7627, the volume falls
quickly, while NE < 0 (H is outward) and goes to inﬁnity. In the limit case of n ¼ 0, the meridian once again is an 8-shaped
curve; while, for n 
 0:7627 the corresponding surfaces satisfactorily approximate that of a parachute (Stein et al., 2000).
The laws of variation of v ¼ V=R30 and n ¼ NE=pR20 vs. the shortening ratio n are depicted in the following Fig. 15.
5.2.2. Axisymmetric membrane constrained at its poles
We will now ﬁnish up the analysis of the inhomogeneous cases by illustrating the equilibrium solutions obtained for an
inﬂated membrane with constrained poles.
Fig. 12. Axonometric view of an equatorially constrained membrane ðn ¼ 0:3Þ.
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Fig. 13. Meridian proﬁles corresponding to the homogeneous (  ) and inhomogeneous (3) case ðn ¼ 0:3Þ.
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Fig. 14. Meridian curves plotted for different values of ratio n.
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Fig. 15. (a) Speciﬁc volume v vs. the ratio n; (b) dimensionless axial force n in the equatorial rope vs. the ratio n.
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Fig. 17. Meridian proﬁles corresponding to the homogeneous (  ) and inhomogeneous (3) case ðn ¼ 0:2Þ.
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increased to a new length L, in such a way as to produce a change in volume. Accordingly, the boundary conditions for this
problem becomerð0Þ ¼ 0; zð0Þ ¼ L=2; dr
dR

R0
¼ 0; zðR0Þ ¼ 0: ð29ÞThe nonlinear system of differential equations can now be solved numerically via the same iterative procedure as before. A
typical solution is illustrated in Fig. 16, which shows an axonometric view of the constrained membrane for the shortening
ratio n ¼ L=R0 ¼ 0:2.
Fig. 17 provides a comparison between the proﬁles of the corresponding meridian curves. Some examples of meridian
curves deduced numerically for other different values of the ratio n ¼ L=R0 are shown in the following Fig. 18.
The shapes of the meridians thereby obtained differ greatly from that of the homogeneous case because of the presence of
the vertical load P.
0 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 0.1 0.2 0.3  0.4  0.5  0.6 0.7 0.8 0.9
z/R0
r/R0
Fig. 18. Meridian curves plotted for different values of the shortening ratio n.
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Fig. 19. (a) Dimensionless volume vs. the shortening ratio n; (b) dimensionless vertical load vs. the shortening ratio n.
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needed to maintain the inﬂated membrane in the assigned conﬁguration. For n 
 0:4753, the meridian of the inﬂated mem-
brane coincides with that of the homogeneous case: the volume reaches a maximum and the vertical load P is zero. When
n 6¼ 0:4753, the corresponding shape of the meridians are no longer arcs of the same curve.
The laws of variation of the dimensionless ratios v ¼ V=R30 and n ¼ P=pR20 vs. the shortening ratio n are depicted in Fig. 19.
When n < 0:4753, P is inward, i.e., the element connecting the poles acts as a tie. Conversely, when n > 0:4753, P is outward
and the connecting element acts as a strut. In this case, the volume decrease is slower in comparison to that observed in the
case of the equatorial rope control.
6. Conclusions
The aim of this paper has been to derive a robust algorithm for direct determination of the ﬁnal equilibrium shapes of
closed inextensible membranes subjected to internal pressures. The proposed method is based on the possibility of repre-
senting the mechanical response of the membrane’s constituent material as a two-state material: when it is in the active
state, the membrane is subject to tensile stresses only and is virtually inextensible; vice versa, when it is in the passive state,
the membrane is unable to sustain any compressive stress and contracts freely. Because of these peculiar material properties,
the method appears particularly suitable for analyzing equilibrium problems regarding pressurized membranes made of
new high-performance textiles.
Two kinds of geometrical nonlinearities are considered in determining the ﬁnal equilibrium shapes of such membranes
when they are inﬂated. The ﬁrst stems from the large distances that separate the initial stress-free, deﬂated conﬁguration
5598 S.S. Ligarò, R. Barsotti / International Journal of Solids and Structures 45 (2008) 5584–5598from the ﬁnal inﬂated conﬁguration, when the membrane is fully stressed. Therefore, large displacements/rotations have
been considered. In this regard, we have assumed that each membrane reaches its ﬁnal equilibrium state at the end of
two consecutive stages: a ﬁrst purely kinematic phase, when large displacements occur in the absence of any internal force,
followed by a static phase, when internal forces arise in the absence of any deformations. The second type of nonlinearity is
instead a direct consequence of the lack of bending stiffness of the membrane wall, so buckling and wrinkling phenomena
necessarily occur. To fully account for these forms of local instabilities, the constitutive material law has been suitably mod-
iﬁed according to the foregoing considerations.
The resulting equilibrium problem has been solved by recourse to tPhe principle of stationary (minimum) total potential
energy of the system. The Lagrange multipliers method has enabled solving the minimum problem by accounting for the
aforesaid nonlinear constitutive law. In this way, the conditions for the existence of a stable tension-only membrane stress
state could be established. The governing set of equations has been solved for the unknown coordinates of the equilibrium
surface points, and closed-form solutions obtained for fully wrinkled cylindrical and axisymmetric membranes subjected to
homogeneous boundary conditions. A simple iterative procedure has been used to numerically solve cases of signiﬁcant
practical interest relative to axisymmetric membranes under various inhomogeneous boundary conditions. Lastly, the
soundness of the proposed method has been veriﬁed by comparing the results with solutions available in the scientiﬁc
literature.
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